Abstract. A C * -metric algebra consists of a unital C * -algebra and a Leibniz Lip-norm on the C * -algebra. We show that if the Lip-norms concerned are lower semicontinuous, then any unital * -homomorphism from a C * -metric algebra to another one is necessarily Lipschitz. It results that the free product of two Lipschitz unital * -homomorphisms between C * -metric algebras coming from * -filtrations is still a Lipschitz unital * -homomorphism.
Introduction
Originated in Kantorovič's work [12, 13] and Connes' observation [4] , compact quantum metric space was introduced by Rieffel as the noncommutative analogue of compact metric space [24, 25] . It consists of an order unit space and a Lip-norm on it, where the Lip-norm plays the role of the usual Lipschitz seminorms for ordinary compact metric spaces [26, 22, 29] . From this, a way to view "matrix algebras converge to the sphere" is established by defining the Gromov-Hausdorff distance between compact quantum metric spaces [27, 28] . See [14, 18, 39, 16, 19, 31] for further discussion.
To precisely formulate the statements in the literature of high-energy physics and string-theory, such as "here are the vector bundles over the matrix algebras that correspond to the monopole bundles over the sphere" in [32, 2, 10] etc., Rieffel found that algebraic conditions on the Lip-norm, such as the Leibniz rule, play a crucial role [30, 31] .
At the investigation of the structure of unital C * -algebras with complexified Lipnorms, Kerr proposed a notion of dimension for these C * -algebras, along with two dynamical entropies. In this environment, the Leibniz rule on the Lip-norm is also of central importance [15] .
So unital C * -algebras with Leibniz Lip-norms form an important class of compact quantum metric spaces. For these class of objects, it is essential that the maps preserve the given algebraic structure and seminorms in same way. The morphisms between two such objects were discussed in [15] : Lipschitz unital * -homomorphisms. It is natural to ask what conditions are needed to guarantee that a unital * -homomorphism from one such object to another is Lipschitz. In this note we show 2. C * -metric algebras
We recall [31] that a Lip-norm on a unital C * -algebra A is a seminorm L on A, possibly taking the value +∞, such that
induces the weak * -topology on S(A).
When L is a Lip-norm on a unital C * -algebra A, the metric space (S(A), ρ L ) is compact. So the diameter diam(A, L) of (A, L), given by the diameter of S(A) with respect to ρ L , is finite. If L(a) = 0 and the condition 3 above holds, then L(na) = 0 for any n ∈ N, and so |ϕ(a) − ψ(a)| ≤ 1 n ρ L (ϕ, ψ) for all ϕ, ψ ∈ S(A) and n ∈ N. Hence ϕ(a) = ψ(a) for all ϕ, ψ ∈ S(A). Therefore, a ∈ C1 A . Let ϕ, ψ ∈ S(A) with ϕ = ψ. Since the weak * -topology on S(A) is Hausdorff, ρ L (ϕ, ψ) > 0 if the metric ρ L gives S(A) the weak * -topology. So there is an a ∈ A with L(a) ≤ 1 such that ϕ(a) = ψ(a). This indicates that L separates the state space S(A) of A.
A seminorm L on a unital C * -algebra A is said to lower semicontinuous if for one r ∈ R >0 , hence for all r > 0, the set {a ∈ A : L(a) ≤ r} is norm-closed in A. Given a seminorm on a unital C * -algebra A, we denote the set {a ∈ A : L(a) < ∞} of Lipschitz elements in A by A. The seminorm L is said to be Leibniz if it satisfies the Leibniz rule
Now we define Definition 2.1. A C * -metric algebra is a pair (A, L) consisting of a unital C * -algebra A and a Leibniz Lip-norm L on A.
Basically, compact metric spaces provide the prototype of C * -metric algebras.
Example 2.2. Let (X, ρ) be an ordinary compact metric space, and let L ρ denote the Lipschitz seminorm on C(X). Then (C(X), L ρ ) is a C * -metric algebra and L ρ is lower semicontinuous.
One important class of examples of C * -metric algebras comes from ergodic actions of a compact group on a unital C * -algebra [24, 31] .
Example 2.3. Let A be a unital C * -algebra, let G be a compact group, and let α be a strongly continuous ergodic action of G on A by automorphisms. We assume that G is equipped with a length function ℓ. Then the seminorm
is a lower semicontinuous Leibniz Lip-norm on A.
In [20] , a generalization to ergodic actions of co-amenable compact quantum group was given. By viewing an ergodic action of a compact group on a unital C * -algebra as the translation action of the group on a noncommutative homogeneous space of it, Hanfeng Li recently extended the construction above to the locally compact groups which satisfy certain conditions [21] . 
Then L is a Lip-norm if and only the set {a ∈ A : L(a) ≤ 1, σ(a) = 0} is a norm-totally-bounded subset of A [22] . In this case, (A, L) is a C * -metric algebra with lower semicontinuous Lip-norm.
In fact, every C * -metric algebra can be obtained from the Dirac operator approach [29] . Finally, we make:
for all a ∈ A 1 .
3.
* -homomorphisms between C * -metric algebras Let A be a unital C * -algebra with a Lipschitz seminorm L, a seminorm which may take value +∞, has its null-space the scalar multiples of the identity, and satisfies L(a * ) = L(a) for all a ∈ A. We can define a metric ρ L on the state space
Usually this metric may take value +∞. From this metric we can define a seminorm L ρL on A by the formula
This is still a Lipschitz seminorm. The dual Banach space to A/(C1 A ) for the quotient norm · ∼ is just the subspace A ′0 of the dual space A ′ consisting of those f ∈ A ′ such that f (1 A ) = 0. Similar to [25] , we define
By proposition 3.7 of [23] and proposition 4.2 of [38], for any
and
Then L 1 is convex and balanced, and the bipolar theorem says that L
with g ≤ 2, and this also implies that |g(a)| ≤ 2L
Therefore, we have
for all a ∈ A.
Suppose A 1 and A 2 are two unital C * -algebras with C * -norms · 1 and · 2 , respectively. Let L 1 and L 2 be Lipschitz seminorms on A 1 and A 2 , respectively, which are Leibniz. On A 1 and A 2 , we can define new norms by
respectively. Then (A 1 , M 1 ) and (A 2 , M 2 ) are normed algebras since L 1 and L 2 are Leibniz. We denote by A 1 and A 2 the completions of A 1 and A 2 with respect to the norms M 1 and M 2 , respectively.
Let {a n } be a sequence in A 1 such that ∞ n=1 M 1 (a n ) converges. Then both ∞ n=1 a n 1 and ∞ n=1 L 1 (a n ) are convergent. Since A 1 is complete in the norm · 1 , there is an a ∈ A 1 such that a = ∞ n=1 a n in the norm · 1 . For any k ∈ N, we have
Now assume that L 1 is lower semicontinuous. Then we have
Thus lim k→∞ M 1 a − k n=1 a n = 0, i.e., ∞ n=1 a n converges to a in the norm M 1 . So A 1 is complete in the norm M 1 . Therefore, A 1 = A 1 . Similarly, we have that A 2 = A 2 if L 2 is lower semicontinuous. Moreover, in this case we have Proposition 3.2. If α is a * -homomorphism from C * -algebra A 1 into C * -algebra A 2 such that α(A 1 ) ⊆ A 2 , then there is a constant λ > 0 such that
Proof. Since both the norms · 1 and · 2 and the seminorms L 1 and L 2 have an isometric involution, the involutions on A 1 and A 2 are isometric with the norms M 1 and M 2 , respectively. And so (A 1 , M 1 ) and (A 2 , M 2 ) are Banach * -algebras with isometric involutions. That α is a * -homomorphism implies that α(A 1 ) is a * -subalgebra of A 2 . Also from the relation A 2 ⊆ A 2 , we get the restriction of the C * -norms on A 2 to A 2 , and it makes A 2 into a pre-C * -algebra [37] . This shows that (A 2 , M 2 ) is an A * -algebra. By theorem 23.11 in [8] , α is continuous as a map from (A 1 , M 1 ) into (A 2 , M 2 ). Thus, there is a constant λ > 0 such that M 2 (α(a)) ≤ λM 1 (a) for all a ∈ A 1 .
Assume that T is a unital positive linear map from C * -algebra A 1 into C * -algebra A 2 . Let S(A 1 ) and S(A 2 ) denote the state spaces of A 1 and A 2 , respectively. For any ϕ ∈ S(A 2 ), we define
Then σ T is an affine map from S(A 2 ) into S(A 1 ). Moreover, if T maps A 1 onto A 2 , then σ T is injective; if σ T is a surjection, then T is an injection. Lemma 3.3. Let (A 1 , L 1 ) and (A 2 , L 2 ) be two C * -metric algebras with lower semicontonuous Lip-norms. If T is a unital
, then there is a Lipschitz affine map σ from metric space (S(A 2 ), ρ L2 ) into metric space (S(A 1 ), ρ L1 ) such that ϕ(T a) = σ(ϕ)(a), a ∈ A 1 , ϕ ∈ S(A 2 ).
Proof. Suppose T is a unital
Clearly f ϕ0,b is a continuous affine function on S(A 1 ). To each a ∈ A 1 , we get a functionâ on S(A 1 ) defined byâ(ϕ) = ϕ(a). By the basic representation theorem of Kadison [11] (see theorem II.1.
. And since L 1 is lower semicontinuous, we get
So the set {a ϕ0,b :
by Lemma 3.1. From this we obtain
Hence σ is Lipschitz.
We are ready to prove Theorem 1.1.
Proof of Theorem 1.1 By Lemma 3.3, there exists an affine map σ from metric space
, for some positive constant K. So for any a ∈ A 1 , we have
by Lemma 3.1. Therefore, T is Lipschitz.
an application
Let A be a unital C * -algebra. A * -filtration {A n } of A is a sequence of finitedimensional subspaces which satisfy [35] . Given a faithful state σ on A. Let (π, H, ξ) be the faithful GNS representation of (A, σ). We identify A with the corresponding linear space of vectors in H. We let · denote the operator norm of π(A), and · 2 denote the vector norm of A. Viewing each A n as a finite-dimensional subspace of H, we obtain a filtration of H in the sense that {A n } is an increasing sequence of finite-dimensional subspaces of H and ∪ ∞ n=0 A n is dense in H [35] . Let Q n denote the orthogonal projection of H onto A n . Set P n = Q n − Q n−1 for n ≥ 1, and P 0 = Q 0 . We define
Then D is a unbounded linear operator on H with domain A = ∪ ∞ n=0 A n . The linear functional f (h) = Dh, k on A is bounded if and only if k ∈ A. It is also clear that Dh, k = h, Dk for all h, k ∈ A. So D is self-adjoint [7] . By lemma 1.1 of [22] , A = {a ∈ A : [D, π(a)] is bounded}. Furthermore D has a finite-dimensional kernel, and the inverse D −1 (defined on the orthogonal complement of D's kernel) is compact. So (A, H, D) is a spectral triple [4, 5, 6, 17, 33] . Using this spectral triple, we can define a seminorm L on A, possible taking the value +∞, by
For all a, b ∈ A, we have
So L is Leibniz. By main theorem 1.2 in [22] , we have Proposition 4.1. If there is a constant C such that
for all a ∈ A and m, n, k ∈ N, then (A, L) is a C * -metric algebra with lower semicontinuous Lip-norm.
A condition of this kind is called a Haagerup-type condition with constant C. In this case, we will call (A, L) the C * -metric algebra coming from ({A n }, σ) (with constant C).
Suppose that (A 1 , L 1 ) and (A 2 , L 2 ) are two C * -metric algebras coming from ({A 1 n }, σ 1 ) and ({A 2 n }, σ 2 ), respectively, and both with constant C.
be the reduced free-product C * -algebra with the faithful state σ [34, 36, 3] . We define a * -filtration {A n } on (A, σ) by setting A n to be the linear span of all products A ı1 n1 · · · · · A ı k n k with each ı j ∈ {1, 2}, with ı j = ı j+1 for 1 ≤ j ≤ k − 1, and with k j=1 n j ≤ n. We let (π ı , H ı , ξ ı ) denote the faithful GNS representation of (A ı , σ ı ) for ı ∈ {1, 2}, and we let (π, H, ξ) denote the faithful GNS representation of (A, σ). We let {P n } be the family of mutually orthogonal projections corresponding to the filtration {A n } as above. Let D be the Dirac operators coming from (A, {A n }, σ). Then
nP n , and the corresponding lower semicontinuous seminorm on A is
By theorem 6.1 of [22] , we obtain Proposition 4.2. If σ 1 and σ 2 are traces, then (A, L)is a C * -metric algebra coming from ({A n }, σ) with constant √ 5C, the reduced C * -norm on A is the operator norm for the GNS representation for σ on H, and (H, ξ) = (H 1 , ξ 1 ) * (H 2 , ξ 2 ).
From the discussion above, we see that A = ∪ ∞ n=0 A n = A 1 * A 2 , where A 1 * A 2 is the algebraic free-product of A 1 and A 2 with its evident involution. Theorem 4.3. Let (A ı , L ı ) and (Ã ı ,L ı ) be C * -metric algebras coming from ({A ı }, σ ı ) and ({Ã ı },σ ı ), respectively, with the faithful tracial states σ ı andσ ı and constant C for all ı = 1, 2. Denote (A, σ) = (A 1 , σ 1 ) * (A 2 , σ 2 ), (Ã,σ) = (Ã 1 ,σ 1 ) * (Ã 2 ,σ 2 ). Suppose that α 1 : A 1 →Ã 1 and α 2 : A 2 →Ã 2 are two Lipschitz unital * -homomorphisms such thatσ ı • α ı = σ ı . Then there is a unique Lipschitz unital * -homomorphism α : A →Ã such that for every ı ∈ {1, 2} the diagram
commutes, where λ ı andλ ı are the maps arising from the free product construction.
Proof. Consider the unital * -homomorphisms β 1 =λ 1 • α 1 : A 1 →Ã and β 2 = λ 2 • α 2 : A 2 →Ã. We have the following diagrams commute:
for ı ∈ {1, 2}. By lemma 1.3 of [9] , there is a * -homomorphism α : A →Ã such that α • λ ı = β ı andσ • α = σ. In particular, we have that α • λ ı =λ ı • α ı and α(1 A ) = α(λ 1 (1 A1 )) = β 1 (1 A1 ) = (λ 1 • α 1 )(1 A1 ) = 1Ã.
Since A is generated by λ 1 (A 1 ) ∪ λ 2 (A 2 ), it is clear that α will be unique if it exists. It is also clear that α(A) ⊆Ã, and so the Lipschitzness of α follows from Proposition 4.1, Proposition 4.2 and Theorem 1.1.
